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Accolc-rated Life Testing Under Competing
Expuontial Failure Distributions

by

John P. Klein
The Ohio Staite Ujlivc-rsity

UrivrIs ity of mr-Co ia

Key Words and Phrases: accelerated li fe ie--sting, competing r5
independpnt exponential I i fet i imos, survival lunct ion, mean
time to failure, progressive ctensoring, type I c,!nscoring,
type II censoring.

ABSTR ACT

Accelerated l ife testi-ng of a product is coji,nonly i).;'d to

csifinaic L)rjm01OUers of clevices wi th -xt,,c-:-,(-y long 1 i ft i'. s. Thle

:)~lmof in ly i-nq accelerated li fe tes ts wliy/hen the pioutcan

fail from any one of p i ndependent raiisos i s conisidered. For -. ich

compone nt it is assumed that the time to failure distribution is

exponential with a hazard rate which follows a "power rule." The

method of maximum likelihood is used to obtain estimators of ihe

power rule parameters when the life test is either type T, type 1 1,

or, prourrssively censored. I-sti!,ai Ors of e-ach componenit's 5 ;o-1n

fail ure tirne and survival function are obiained. 7stimat ors of

system or s;ubsystem survival functions are al so obta ined. RIS u I t s

of a siir 1 ation study are presented.

Avn i abU C' Od es
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.- Ii-ca t.,d 1. i fc i es t. tng oIF a p iot! i it i s rfi I)i ,- d t o

t'1'1 'Iin i l ' HIlt iu ll on its porfJoi. laflcC iiiller nI)I 1i W;Q C01 I ni i ):3

S ,itch 1 o s t i n g i I uvo I vos !; tb j ec I i rig to s t i t ('tmls to con(I i t i ore utc

-0t rome t-han usually encounl-erod in normal use. This resuiltfs in

'1( c t si n1j thle itIem's, S mean 1 i f iaid i-euio~s t ost ti 1 ii iul - i '

Tie ost iinaitos obtained at those severe condit ions are oxtitolI ci

to ioima 12±1 co-1 (ndi t i ons. 'hi~s pl*0r((lulre- is :;wi11l ' 1ztf in ('liuji or

9 of :Vuunn, Sch.-ifr , a uci Si flijoii wal1la (1 974).

Little work has been (lone on ')naly 'inq ace ciatod life

I is .%hon an i turnm can fai fiom any one of toeia1 11s iuc

iie.Sippon-e an item consists of p components stich t hat the

-ollc of any onIe C,)Rnponent. causes the item to fa il1. For each

itti '-if1 1a -onsi st of the time at which the item f'ailis and k'now-

1-'be of 1d-i ch co)1pnlonft failed. The problem is to est imat e the

pain~corsof the failure distribution of each component at normal

ii.;c cuuions from data collected in (in accelerated life test.

,% -, I' I It l ie Lita. at use ',- iit ib Ci only, I i r h iin Iis b e

CO'e';'1Li( b Iy luav id dnid Moe:,, lil) gor 197 8) , iid Klibflei. sch mid

1) l~ w t ',I o~-ii it~ !q, i Jus 1 r noima-l 1-111(1 ions.

Formally, let V 1 1 .. .,V s be s stress levels at which the

,l'1'1lu-rated life test is conducted. At stress Vi, let X..3 denote

11ho lifi t i ie of I he jth (.( mp)Iit j, .

I '(- iMOi iS 0Xj'U!1..t i ally dif sI i LUted With !zUL-vi Val fUiICt iOn

1)(X..j x) 1 F. (x W 'yp) x) , x 0, X~ > 0, ( 1



Assume thac the st-(,ss and (:omfponont life distribut 'ons a re r.-t ,d

by the rower rule mo7el,

B.
exp(A.)V 3, (1.2)

where A., B. axe constants to be estimated from the accelerated

life test.

In Section 2 the method of maximum likelihood is used to ob-

tain estimates of A. and B. for various censoring schemes. In
) J

Section 2.1 type I censoring is considered, Section 2.2 considers

type II censoring, while Section 2.3 discusses progressive

censoring.

The estimators of A. and B. obl.ained in Section 2 are usedJJ

in S ction 3 to obtain estimators of component mean survival time

under normal use conditions. Confidence intervals and reduced

bias estimators of these parameters are also obtained. Estimates

of the component survival function and system survival function

are obtkined. The problem of estimating system life when a group

of components are redesigned to increase reliability is also

considered.

In Section 4 results of a simulation study are presented.

2. Maximum Likelihood Estimation of the
Power Rule Parae&-e-rs

1,et VI, V 2 ,..., V s be the stress levels at which the accel-

(-r.ited life test is to be conducted. At each stress level we

assume that the item survives until o, e of its p components fails.

* LXl' X i 2i . X.. denote the life lengths of the p components

of an it-em on test at stress V...,.,>ume that the X. .'s are] 1)



3

independent exponential random variables with hazard rate (1.2).

B.
x V exp(A.) j =,1 .p, i =,.,s. (2.1)

For an item put on test at stress V. we observe1

Y. = minimum (X ..,X) and an indicator variable which de-

scribes which of the p co!nponunts failed. The method of maximum

likelihood is used to find estimators of A. and B. for various
3 3

censoring schemes.

2.1 Type I Censoring

At each of the s stress levels, n. items are put on test,1

i , 1...,s. Testing is continued until some fixed time Ti -

These T. 'S may be different for each stress level to allow for1

increased testing time at low stresses. Such a testing scheme is

a type I censored accelerated life test.

At stress V. suppose r. items have failed prior to time1 1

1l,...,s. Let Yil Y Y. denote the corresponding1i i:1...S.LtY'Yi2'.. ir.

failure times. That is, Yik min(Xilk' X 2 k' .. xik) where Xijk

th th
is the lifetime of the j comnonent of the k item which failed

prior to time T. at stress V., j = l,...,p, k =

I 1

i = 1,...,s. Let m.. denote the number of items which failed due
p

to failure of component j, j l,...,p. Note that r. =  z m..
1 j=l 13

Define the total time on test by

r.
1

T Z Y + (n. - ri)Ti. i 1 p. (2.2)

k=l k

The likelihood function of interest is ; .-. 1 tC ",Q
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L iHl jlx i exp(- . .Tj. (2 .3)

Interchanging the order of multiplication we see that L factors

into the product of p likelihoods, one for each component. That

is,

PL - 11 L. where

j~l J

(2.4)

1.p. s in..

L. II X. 13cxp(-X. .T.), i =l..p

Hence, it suffices to maximize each component likelihood L. indi-J

vidually. The resulting maximum likelihood estimators, (Ai , B.)
JJ

will be asymptotically independent of (Ak, Bk) when j $ kas all i .

The likelihood equations are

A. = Zn( m i j) -n( TiV , j 1,... p. (2.5)

"= i

and E .jn ET ' = ( mi j ETVi n V) , j 1....p.

(2.6)

B. can be obtained by solving (2.6) numerically using the Newton-3

Paphson procedure. Clearly A. is determined by (2.5) once B. isJ J

found.

Fiom (2.4), the second derivitives are found to be

62;n L. s B.
I - TV. exp(A.), j --- Ip (2.7)

Ai

. i. -Il* -. - . .... , - . . . .. . .. . . . . . ... i - 4 , ,, . . . .
.. .... ._.I. .. . . .. . . .. i



62Qn L. s B.
6A 6B Z TV. 3 exp(A.)QnV i  j 1, .,p, (2. 8)6,A.6%B. i-=l 1 1 ''"1

J J

.,nd

6 2CnL. s B.

2 - - TV. 3exp(A) (ZnV) 2, P. (2.9)5B.2 1 1 J 1 ] . . .P" ( 9
B

To find the information matix, note that Yik has an c(xpon-

pnential distribution with hazard rate X. -- Z.
r j k 10

Writing, E(Yidk F V ik Zik = l)P(Zik = 1) + E( i.k Zik 0)P(Zik = 0)
Zk I if Yk < -i .and Z. 0 if Y > [i, it crn be :;,hown i
ikI'OZ. f~ ik - I 3-k ik 1

'hit E(r i ) nii/X i where H. 1 - exp(-Xir.) , i 1I...,s

is the probability an item will fail before time -.. The inverse1

of the infomation matrix is

s X..n.11. s X..n. R. RnV.Z -- 1-(Zn V i ) 2  _ E A-9 _l  1

1 l i

3 D. s X..n.[I . s A..n. .y - 13 1 1 Zn V. j 3
i A . 1 i~l x.

1 Xi

Whlt-re

s s i i kjnn H.i I kD. = Z E 3-----i nV. £n(V /V j 1 p. (2.10)
3 i/k Xi k  k

From David and Moeschbcrger (3978) note that the rvxirnum
m.. r.

likeihood ustimator of A is .3. and of is T A consistant
i3  T i

:,::, tor of 2. is
3
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)M. (Zn V.) Y in. Qn V

Jj S

wh ere

s s

3 i/k 1j kj 1 1 vk) =

2.2 Type. II ce-nsor-ing

For typ I cens;oriy fs in cmof inlls 1110il. I poIsignod

itiibor of failures i~s observed. At e ach st-ress level, r

Th nube o,.f. s itis ahic fail oun totfailure ofenocomponent ur

tim of,.,. FrtyeI esrn the toa time!mpu on testta s Yk mn ( isk

whoe likioo funcioelnq f inte e fo typeompoensorineg t is mIe-

For~ toi (2.3)n withem si 2.1. Ine, A.sin atsrs otne B.cnti beo

pre ds sg e in u b r Scitio 2.1.s ha a l d. L t Y~ l ' * Yi

To fidtei For type II cn atri, the tota te sondts drisa

tical to (2.3 withe as in ., 2.1nd2. Hece Aan B cneeb
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s . 2 s ..

s S ]

Fy r(ZnV r

.. Ar r
D. i j- kj i k nV. n( (v/Vk) ,. (2. 13)

. i k lk 1

Th !1,.\ i 1,1in 1 ike 1 i hood i(E; t i flitars a f A and A re

in.s r . . .

1 1Xi il Xi t I y i bsi tul ig iv lu'

in (2.12) h Io i ~iml... ikol ih(ns i  of j is obtin d.

Th is k xi umtor is .ivon by (2.11)

2 . 3 Proresnive Consring

Progressive cCnsoring is a useful scheme to reduce test

time and cost while still including some observations with extreme-

ly long life times. In this scheme, at several fixed times some

fixed imber of items are removed from study. This acheme is dis-

,-iised in Cohen (1963) for the :ae of normal and exonntial data

fimom a population wif-h a sing le falilure m ode whe n the re is not an

,,:Col (rated life test.

At stress level Vi, i l i,...,s suppose that N i ite-ms are

put on test. Censoring will occur in M. stages. At times

Til, 2 , ... ,TiM. - a fi xed nuimber r itens are r ,i-,ve d from
1

the -iccelerated 1 ife test.

At time TiM. the t(,st i.', either trmi natd with a miandom

:, r itms still fm lct ioning or a fixod nrli!-her ri ., it(ins
1 1

are T v.yed. We ,-sS1:710 that N i is suffici(-ntl.y large so that



tho-e is at least r k ,...,M. i tons :llviving to i ;,to Iik iD

be cunsoiod. Let m.. be the nimlter of it tms wlhi -h f i]i ,I , 1o

failure of component j, j 1,....p, -)nd, let n. m.. 1e the
1 ]:1 J

total number of failures. Let Y ,i Yin be the fail1e i I , s

of the n. failures. As before, Yik min(Xilk .. whore Xijk

is the lifotime of the j component of the k t h itm which fails

at stress V., j = 1,...,p; k l I,...,ni, i -F o,....s. Fur this

!Achenle the total time on test is dlfiiiod by

fn. M.1 "1I

T. Y ik + Z rik rk, i = 1.. .,s. (2.14)
1 = 1-1l

As before it can be shown that the likelihood of intJcr-st is as in

(2.4). The maximum likelihood estimators of A. and B. as well asJ 3

the second dirivatives are as in Section 2.1.

For this censoring scheme the information matrix and an

estimator of the matrix are obtained in the Appendix.

3- Estimation of population parameters at use- conditions

Suppose an accelerated life test has been conducted by one

of the censoring schemes discussed in Section 2. Let A. and B.
3 3

be the maximum likelihood estimators of A. and B., j I,...p.
3 1

Let

(ij) (j)

12 '22

be the ilv., of infor!at a: n i.at ri> oiaid q m (2.10), (2.13) -r

A.10. Let ". be the corresponding osti-itr of .. ob-and f,.m
3



(2.11), A.11, or A.12. Based on this in ,,,iI ' %,,e wish to

estimtate ctach co,'[onent's inean :;utvival ime ;iil siu viva1 funcLi(

at the use conditions. In tdd it ion we ;.ha ll oblain estimators of

the survival fumc L ion for I he r"i t i re ;ys;,n of , , [ m 0ntf ts or a

subsystem of components under i Ci .11 (lit ie(S.

Let V denote the sI Ii5 , (.er u:e ,(,!id iI i (4s. r.ut X * .d

uj die ote the hazard rat e and juan .urvival t i me it i hi s s I r,.';s.

By (2.1)

B.
x := V UexpA., j 1....p (3.2)

and

-B.
Vu xp(-A ) , j ..... (-. (3.3)

By the invarjance principle of ,naximum likelihood .; Lirnators the

maximum likelihood estimators of Xu- and 1u are

B.
U] exp(), j 1....p. (3.4)

and

-Vu exp(-A.),j i,....p, (3.5)

respectively. Ior 1 arge --imple sizes it all the stress

levels, (A. B. ) are asymptotically bivariate nornally3 ' J
dLstributed with mean vector (A., B.) and variance Ej, j =1.. p.

Since £nA . is linear in A. and B., it has an ,symptoti c ncu im
U3 3

2 () + n )+ 2,1 () PnV (3.6)
] 1 2 12



1 (1

Similarly, n itujis asymptotically normal with mean Zniu; and

variance au2

By using the properties of the log normal distribution one

can show that asymptotically

2E(P uj) = j . exp(o /2), j 1,...,p (3.7)

and the i,.ln :squ.irod el-tor of pu is (I(J - u )2) is

m.s.e.(U uj) uj[exp(20 ) - 2 exp(O 2./2) 1], j l,...,p, (3.8)
, uu3

with similar expressions for A From (3.7) we see i-Inat an

unbiased estimator of uj is

2P / 2 2), j 1,...,p (3.9)Puj - uj exp(- j/ - ,

which has lmcan squared error

m.s.e. (ji ) P 2u (exp(o .) - i), j = 1 .... p (3.10)

which is always smaller than the mean squared c,r.or of I uj. .S e c, "I
is unknown a reduced bias estimater of j is obtained by subsit II 1 -.
02 in (3.9). Similr reslts hold for estimating A

The asymptotic normality of knu pu can be used to construct

(1 - a) x 100% confidence intervals for o uj" These are

(Puj exp(-Z 1 -a,2 O)uj, Uuj exp(Zl_;( Uj.), j = 1,...,p (3.11)

where Z IOL/? is the 1 - ot/2th percentage point of a standard nm,-ial

r,indom variable. A similar interval can be obtained for )
U3

Let Fu (t) = exp (-t X uj) be the suirvival function of c, t

j, j 1,... ,p. The :vaximum likelihood ,v;i imator of Fuj(t) is

Fuj (t) - exp(-t uj), t > 0, j l1....p. (3.12)

U) U)



Anl appr(x i Ia te 100 x (1I ~ colifidenco ilniol 'rvl rF..)s

qJivon by

( CXP(Z/ 2 uj) exp

IF. Mt F .j(t) ) : ~l. ., P. (3. 13)

T,0t K be a !,bset of 1,..- .,p of cardinality K. We a re

if--ted in obtaiining estimates of

u (K) Wt 11 F (t)M (3.14)
jt K

the ;IIViv,1l func-I ion of an1 ite Ik11Whit'h C-n F-iji unlly ily Ihe( fai 1ure

of t oio11nions idv< by K. Wliofl K =11 . .. ,p) this is t he sur-

vi val fiiition of an i torn Of illI tcreSt . IWhen K i s a piroper a iibse t

Of {, 1, ... ,p) thien C(3.14) crresnts thec suv:vival func-t ion of an

it em w,,hich haLs b,,en redesfijoed so that those component: s i nlr.xed by

KS can rnot fail or have extremely long lifetimes.

Fr-om (3.12) the maximum likelihood estimator of 1 (K) Ct) is

u(K) (3.11F5)t)

An ipptoximate (I x ~ 100% confidence interval for F (K is given

by

jcK jcK JU

h c- (- e

2



This is a conservative interval in the following ;ense. From (3.1 i),

I/P exp(Z 0 u) < exp(- u j

(I - L) = t ) <F (t) FtJ for j
U]- uj -ij (t)

Since (F ij(t), Fuj (t)) are asymptotically independent for j X j',

< e x p (Z aO u j )J
- exp(- Z° a a 1

I P F -(t) < Fj (t) < Fu ; for all jCK

< exp _ ( -. exp(- Z 0

j F .(t) F (t) < R F (t) p ( -

\jEK U3 U jCK uJ

4. Simulation Study

A simulation study was conducted to compare the effects of

censoring on the estimation procedure. A two component series

system of i.ndependrnt exponential co.it:onents was used. An acceler-

ated life test was conducted at 3 stress levels, V 1 = 10, V 2 = 15,

V3  20. At each stress level the observations were generated from

an exponential distribution with hazard rate Xij, i = 1,...,3

j = 1,2, where i.. is given by (1.2) with A1 = -1, B1 = 1, A 2  3,

:-nd B 2  2 throughout the study. The values of Aij, and i.= P

(component j fails first) are given in Table I for V I , V2 1 V 3 and a

usnage stress of 5.

Table 1

V il xi2 1 92

5 1.8394 1.2447 .5964 .4036
10 3.6788 4.9787 .4249 .5751
15 5.5182 11.2021 .3300 .6700
20 7.3576 19.9148 .2698 .7302

For rich cersoring scheme 500 repefitions of the accelerated

]ife t,.L were [erfoiv.ed. Maxiinum 1i1o] ihood estimates of A., and)
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B., j = 1, 2 wetc found by using the .N, wton-naphson procedure

discussed previously. The estimated covariance matrix wats found

by appropriate expression. Both maximum likelihood and reduced

bias estimators of the component hazard rate and me-an survival at

a use stress of 5 were calculated. Tables 2-7 report for each

estimator its estimated mean (standard error), estinated bias

(IBias)/Standard error), estimated variance, and the P-value of a

Xolmogorov-Smirnov test for normality for each component. T1 e

n (w i ng cerisorin schomes ce

Schme I - complete failure times on all items, sarple sizes

n. 20, i = 1, 2, 3.

Scheme II - complete failure times on all items, sample sizes

n. 10, i = 1, 2, 3.
1

Scheme III - type II censoring n. = 40, r. 20, i 1, 2, 3.1 1

Scheme IV - type II censoring, n. = 40, ri = 10, i = 1, 2, 3.

Scheme V - type I censoring at the same fixed point ni 
= 40,

i = 1, 2, 3, T1  = .08, T2  = .04, T 3  .025,

E(ri). = 19.989, E(r 2 ) = 19.507, E(r 3) 19.772.

Scheme VI - type I censoring at the same fixed point n. 40,

1, 2, 3, T1 = .03, T2  .017, T .010,

E(r I) = 9.15, E(r 2) 9.89, E(r 3) 9.55.

Several conclusions may be drawn from the study. First the

:' y:, totic normality property of the m.l.e. estimators up..'r, o

d"i j * e 'le



fl

's ii mator s Xuj and iuj per form as expuct-,d when ' he , i';-t,.d

variance was used. Finally, the asymptotic unhias ,cness of the

maximum likelihood estimators seems to be reasonI'.e for these

moderate sample sizes.

5. Dependent R 'sks

The assumption of independence of the tim, es to failure of

each component made in the previous sections can *e replac-ed by

the assumption that the failure times of the item follow a

Marshall and Olkin (1967) multivariate exponential distribution.

For this model simultaneous failures of several (omip-onents is

possible. Here there are 2P - 1 possible failure imodes which

represent system failure from the si ru]tan-ous failures of any

subset of compollents. Each of theose failure modes is .s:sumed to

have a time to occurrence distribution givon by 1.1 with hazard

rate 1.2. At use conditions the survival function of the time to

failure distribution of a particular component can be estimated

as in the previous section.

---------------------------------------- -
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Appendix. Calculation of the information matrix
for progressively censored da-ta

The distribution of the total time on test T. given by1

(2.13) depends only upon the distribution of the minimum of p

lifetimes of the components which is exponential with parimeter

A.. To simplify the notation we shall suppress the suhscript

i which refers to the stress level under consideration. The

problem is to calculate the expected value of the total time on

* test T given by

n M
E Y. + Z r.t . (A.1)

i=l i =1

Let f. be the number of items which fail in the interval1

[r i-l , i = 1,...,M where T0 = 0. Let Si be the sum of the

f. failure times of those items failing in [T T i ) , i

Let F. = 1 - exp(-XT i ) and FI = 1 - F i, i = i, ... i . We consider

two cases.

Case 1. rM fixed

M
Suppose rM is fixed so that fM+l = N - Z (r. + f.) items+1i=l 1 1

fail in the interval (Tm ) " Cohen (1963) shows that

N F

E(fi) = F(A.2)

(N-) (F. F 1 ), 1 . +

j=l F

where F,+1 .i

- -- -- - - - - - - - -
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To find E (S. i ) let Yil,...,Yif be the failure Limes of Lhe

f. items which fail in the interval [T T, so that

f.i
1

f.

E(S i) = EE( E Y iKif) (A.3)
K=1

=E(fiE(Y illi- 1  Yil <i)"

Now, given that Y fails in [T T) the conditional expectation

is

Ti
E(Yillii < Yil < Ti) -

=  Y)e-ldy/ (Fi -F F-)
i-1
i-i (A.4)

(AT.1T +)/A(Fi - F . .).

Combining A.2 and A.4 by A.3 we see that

F 1
N - T F ) for i = i

E(Si = (A.5)

i-i r. _ Fi - Fi-l
(N - E -- ) (T_ - T.F. + ) for i = 2,...,M + 1.

j=1 . 1 1J

So

M+ 1 M m
E( 7, S.) -(N - E r. - E r.T.) (A.6)
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a nd

M
N - Z r.

E(T) . .(A.7)

Case 2. rM random

As in Case I the E(f.) is given by A.2 for i 1,...,M and

E(S i) is given by A.5 for i = 1,....,M. It remains to find E(r .

Note that

M M-1
rM =N- Z f. - E r..

i=1 1 i=1 1

Hence

M M-1
E(r M ) = N - E E(f i ) - E r.

i=1 i= 1

which is, from A.2,

M-1 r.
E(r M ) = (N - E . (A.8)

Mi=l F K

Combining A.2, A.5, and A.8 we obtain

E(T) = - eEi1=i - e . (A.9)

The information matrix of interest for the accelerated life

tr-st, using the notation of Section 2, is
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S 2 S
A V i ) E(T i ) - A.. n V. E(T.) (A. 10)

ij i--l 3 1

1
j D.

J

S S

- X, . £n V. E(T.) E . .E(T.)
i=l 1) 1 1 il1J 1

whe re

D. X E A i E(T i )E(r K ) £n Vi n (Vi/V), j I, P
iKij iKE 1 K 1~i K

and E(T.) is given by A.7 or A.9.
1

To estimate E . one cin show that for both ri. fixed or ran-
m..

dom the maximum likelihood estimators of A. . and A. are A. 121J i j T.
11

and A. 1
and Xi - T_' respectively. Hence when r,, i is fixed the maximum

1
likelihood estimator of Z. is

I

S 2 s
F mi. (knV i ) - E i.. m 'nVi 1IJ 1i ) 13

2. = --- (A. 11)
D.

s S
- m.. nV. 2m.i1 1  i=1lj1

where

D. = 2 2 m.-K. ZnV. Zn(V./VKJ'j = 1,.,P.
3 ilK 1) K 1 /K

'lhen r is random the maximum likelihood estimator of 2. isMi 3
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E E (n (Z V -~ 
9Z L E (n .nV.

i=1 ni j:=1 1

1 (A. 12)

D.
3 Sin. SiM..

Z -- 2~ E (n.Zn V -l-) E (n.i)
i=1 n* 1 n. I

E. -= -JJ~ E (n)E (n ) Zn V kn(V /V ),1..p
SiAK nin K 1 K 1 1 K

a~nd

* i-I

E(n. N N(1 - xp(- X T m Z r.(i exp(- .(-ri. - i Mtf,

1 iM. 2~ iis



Table 2

Censoring Scheme I

Cko onont I Component 2

T,,':e True
-11 ue Nor- Value -

of P", an Bias Va r mal of Mcan Bias Var real
Pa !-a- Para-

i, t t, r I , t er

-1 -1.o207 .0207 4.523 .996 -3 -3.0762 .0762 2.6367 1.0

(. 0 51 ) (.22) (.0726) (.98)
S1 i.C047 .0047 .(.66 .870 2 2.02 7 .0227 .3586 1.0

(.365) (.13) (.0268) (1.04)
V(A) 4.2543 4.5557 . 3ol 3 ].5499 .0001 2.3750 2.4445 .0695 .1439 .0o1

.05 56) (5.42) (.0170) (4.95)
V( ) .6143 .6599 .0456 .0359 .0001 .3232 .3322 .0090 .0023 .0901

(.0085) (5.31) (.0022) (4.20)
V(B, A) -1.6073 -1.724 .1166 .2324 .0001 -.8714 -. 8964 .0249 .0181 .0001I

(.02)5) (5.42) (.0022) (4.15)
con .6094 .5962 .0132 .6959 .672 .2189 .1873 .0315 .4500 1.0

U (.0373) (.35) (.03) (1.05)

, 1.8394 2.5703 .7309 6.6902 .0001 1.2447 1.511 .2663 1.3211 .(),Oil
U (.1157) (6.32) (.0514) (5.18)

1.8394 1.8275 .0119 3.414 .0001 1.2447 1.2389 .0058 .9315 .0001
u (.0827 (.14) (.0432) (.1336)

.5437 .7902 .2466 .8392 .0001 .8034 1.0363 .2329 .5737 .O001
U (.0410) (6.02) (.0339) (6.88)

S .5437 .5366 .0071 .3293 .0001 .8034 .8293 .0259 .3385 .0001
^U (.0257) (.28) (.026) (.995)

0 .6717 .1158 .0440 .0362 .0001 .3891 .4197 .0306 .0051 .0001
U (.0085) (5.18) (.0032) (9.59)



Tab1e 3

Consoring Sch(-ine TI

coinrlient 1('(,i '.:wn't 2

Clieiet'' Ue -'i'1 Ue

of .n as V,'r T! 'n F i as I
P ara- :,1
no) Or ,:,[,'

A -1.0 -1.132 .132 9.6796 .968 -3 -3.01951 . 0 19 5 4. 315 ;8
.1393) (.95) (.0983) (.2)

B 1.0 1.037- .0376 1.4061 .880 2.0 2.0179 .0179 q r%6 .9 71
.0531) (.71) (.0363) (.49)

V( A) 8.50;7 10.69 1.603 26.2856 .0001 4.750 4.9798 .2298 1.1670 .QIl
(.2293) (7.24) (.0483) (4.76)

V( B) 1.2287 1.4701 .2414 .5195 .0001 .6 A6G4 .6774 .03101 .01881 .000 O

(.0322) (7.27) (.0 61)1 (5.08)
(B, A-3.2150 -3.8444 -.6294 3.6331 .0001 1.7430 1 .8 27 0  .0S40 1470 .(,001

(.0852) (7.39) (.0171) (4.9)

I .6094 .5379 .0715 1.5162 1.0 .2189 i .2281 .0092 .8198 .196
u (.0051) (1.30) (.0409) (.22) I

1.8394 3.6161 1.7767 43.6677 .0001 1.2447 1.8955 .65081 5.2024 .n,)0 I01
u.295,) (6.01) (.1020) (6. 38) 1

1.8394 1.7695 .0699 9.8243 .0001 1.2447 1.2822 .03751 '1498 .)t)O1
(.1403) (.5) (.0700) (.54)

.5437 3.1513 2.6076 2004.65 .0001 .8034 1.2741 .4707 5.8434 .0001
u (2.0043) (1.3) (.1081) (4.35) ,

.5437 .4647 .0790 .3368 .0001 .8034 .7718 .03161, 1 .1955 .201

2(.0259) (3.05) (.0489) (.65)I
1.1435 1.6023 .2588 .07748 .0001 .7780 .8536 .0756 .h13 .29 1

u (.0937)1 (6.52) (.0091) (8.31)1



Table '4

Censoring Scheme III

Cmprnut n .t 1 Conponent 2

4"'i, r~l ue iTVrue I
"1 Nor- ] ,lie

M- ean Bi as Var mal Paa; en Bias \',ir I
Pa ta- I jPara-

A -. 0 .9954 .0046 4.88J2 .97 -3 /-3.1052 .1052 2.1859 1.0
(.0'89) (.05) (.0661)1 (1.59)

B 1.0 .9962 .0338 .107 .38 2 2.0236 .0236 .2991 1.0

0 .0377) (.90) (.0245) (.97)

V(A 4.2544 4.6473 3929 1.8201 0001 2.375 2.421 .0457 .1279 .Ow12

A (.0603)1(6.55) (.0160) (2.86)
V(B ) .6143 .6742 .0599 0401 .0011 .3232 .3289 .0057 .0020 .()()1

A (.0090)1(6.68) I(.002) (2.85)I
V(B, A)-1.607 -1.75991 .1526 .2C-61 .0001 -8714 -.8877 .0161 .0159 c)() I C

A (.0231) (6.63) j (.0056) (2.86)

n A .6094 .5597 .0497 7641 .73 .21891 .1517 .0672 3721 ].0

A (.0390)(1.28) 0273 (2.49)
1.8394 2.5647 .7253 7.5631 .0001 l.2447 1.3966 .1519 7971 .00l

1 " 9 6 1 5 199 .79173 .0 2 1 . 0 9 9l.]2 0] 8.9)(.0399) (3.806)

I R394 1.173 .0221 3.7407 .0001 1.2447 1.1446 .1000 5594 .0001
A C *0--b5 (.26) (.0335) (2.859)

.'437 .'4(,9 .032 .9896 .0001 .8034 1.0351 .2317 .4985 JOCI
(-.0,5.1 ) (.f82) (.0306) (7.57)
S437 . )4 157 .2867 .0001 .8034 .8320 .0286 .2790 .' Joe

A 2  
(.66) .0236) (1.21) 1

0 .6717 .72871 .0570 .0456 .0001 .3891 .1458 .0266 .0046 .OuO
(.009c 5.95) (.0038) (8.87)
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Table 5

Censoring Sciwim, IV

Component 1 C',t 2

IFrue TrueI

-; I lie Valueue Vau. I I I ~Nor- ,i ; ,
o 'Man Ri as V=r Nral _of M Bias Vat r

ara- r -Para- ]i as
,r,, .- ,,r ,,Lc-r

-1. 3776 .3776 10.4405 .59 -3.0 -2.976 .024 4.9545 1.0

(.1445) (2.61) .0995 (.24)

O1.0 10822 .08221 1.4731 1.0 2.0 1.9608 .0392 .u78 84
^1 ;.(. 543) (1.51) (.03(,S) (1.06)

V( A R.Y(87 1.2201 I  2.7114 109.]19 .0001 4.750 4.9610 .211 I 1.348 .0001

(,4b70)1 (5.81) (.0519) (4.07)
V( B) 1.2287 1.6055 I .3768 1.8410 .0001 .6464 .6752 .0288 .0211 .0001

i ^(.0607) (6.21) (.0065, (4.43)

V(B, A)-3.2150 -4.2206 1.0059 14.0076 .0001 -1.743 -1.8206 .0776 .1675 .0001
(.1673) (6.01) (.0183 (4.24)

.6094 .3641 2453 1.718 .2607 .2189 .1797 .0392 .8416 .909
^ u (.2653) (4.34) (.0410) (.96)

1.8394 3.0967 1.2570 35.1877 .0001 1.2447 1.8137 .5690 5.437 0001
-U (.2653) (4.34) J (.1040) (5.47)

1.8394 1.4905 3488 7.2648 0001 1.24471 1.2413 .0037 2.873 .0001
u(.1205) (2.89) (.0758) (.05)

1 .437 4.7719 4.2282 415q.18 .0001 .8034 1.2994 .4960 2.464 o000

1(2.8840) (1.46) 
(.0702 (.71)

j .5437 .5566 .0129 .7334 .0001 .8034 .8017 .0013 .7480 101 1

u (.0383) (.34) (.03871 (.03)
9 ].0864 ( (.0099 (7.27)



Table 6

C'on;orirg Scheme V

,pComlncnt 1 CoU..-'v nt 2

Nr- of

a ar aI Para-

I -t- I i .tcr . .. . . . .

-1.0 -1.1598 . 5981 4.5657 .862 -3 -3.0257 .0257 2.71501 .455

(.0956) (1.67) 1 (.0737) (. 35)
B 1.0 1.0425 .04251 .6496 .947 2 2.0064 .0064 .3733 .513

(.0360) (1.18) (.02731 (.23)

V(1) 4.1700 4.7316 .5616 2.1ql .0001 2.3856 2.4813 .0957 .0233 .0001

(.0662) (8.47) (.0233) (4.11)

v( .6031 .6830 .0799 .0455 .0)001 .3249 .3377 .0128 .0045 .0001

(.0095) (8.41) (.3030) (4.26)
V(BA) -1.5765 -1.7873 .2108 .3109 .0001 -.8757 -.9104 .0347 .0348 .nnni

(.0249)1 (8.46) (.0083) (4.18)I f)A .6094 .5181 .0913 .7411 .779 .2189 .2036 .0153 .4622 .5846
u (.0385) (2.37) (.0304 (.50)

1.8394 2.3313 .4919 3.2589 .0001 1.24471 1.5240 .2793 1.1280 .00or i
U (.0867) (5.67) (.0475 (5.88)
u  1.8394 1.6728 2]666 2.1204 "0[01 1.2447 1.2561 .0114 .8315 .0001

.5437 .9100 3663 1.514 .0001 .8034 .9100 .066 1.5137 .o')]S]u(.0550) (6.66) (.05504 (1.93)

5437 .5807 .0370 .4070 .D00I .8034 .8231 .0197 .4377 .oon1

(.0285) (1.30) (.0296 (.67)

0 .6740 .7478 .0738 .0592 o0001 .4084 .4254 .017 .0094 .0001
u (.0109) (6.77)_ (.0043 (3.95)

97171
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Table 7

Censoring Scheme VI

C(': t C::tpi:cnt 2

'i* Vl ue N
I ',,- hf r - I

* i,,n 0ms V., r :al rc an Bias Var I a i

. .. . ..:. . . .I

I .0 -I. 1115 .3115 12.522 .118 -3 3.1109 .110916.1581 .1760

.1'P3) (1 .9) (.1110) (1.00)
.0 1.0715 .0715 1.753. .218 2 2.0223 .0223 .829 2 .6622

S(. n92) (1.21) 0(.0407) (.55) 1
V(A 8 9299 1.,(,2 4.4363 181.617 .0001 5.1163 5.9371 .8208 6.8142 0001

A (.6021 (7.36) (.1167) (7.03)
V( ) 1.2809 1.8959 .6150 2.916 .0001 .6931 .8018 .1079, .1079 .0001

;A (.0764) (8.05) (.0147) (7.34)
V, , -3.3588 -5.0066 -1.6478 22.743" .0001 1.8 74 4L2. 170 9  .2965 .8511 .0001'

A (.2133) (7.73) (.0413) (7.18)

0n .6094 .41 30 .1964 2.074- .025 .2189 .1439 .0750 1.0688 .010

U I
S.06441(3.05) 

(.0422) (1.78)
U 1 .8393 3.4528 1.6135 41.70'A 000 1 1 -247](1.7861 .5414 2.8247 Owl

I (.28H8) (5.59) (.0752) (7.20) I

1 .83931 1.5791 .2602 6.93 .0001 1 .24771 1.4876 .0571 1.4911 0001

A (.1 179)1 (2.21) (.0546) (1.05) I

.-437 5..206 4.8769 1580.64 .0001 .8034 1.7481 .9447 19.2456 .0001
U (I. '78) (2.74) (.1962) (4.81)

5437 .4494 .0943 .6336 .0001 .8034 .8089 0055 1.1809 000 1

,,2 (.0356) (2.65)I (0486) (.11)
1,4362 2.1615) .7253 6.6171 .0001] .8804 1,0262 .14581 .2453 n ooi

(.1150) (6.31) (.0221) (6.63)


